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Abstract
In this paper, we prove an analogue of Beurling’s theorem for the Laguerre hypergroup, then we derive
some other versions of uncertainty principle.
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1. Introduction
The uncertainty principle states that a function and its Fourier transform cannot simultane-
ously decay very rapidly. This principle has several versions which were proved by Hardy,
Morgan and Gelfand–Shilov, etc. (cf. [4,13]). A more general version of uncertainty princi-
ple, which is called Beurling’s theorem, has been proved by Hörmander [5] and generalized
by Bonami et al. [2] as follows:
Theorem 1. Let f ∈ L2(Rd) and N  0. Then∫
Rd
∫
Rd
|f (x)||fˆ (y)|
(1 + |x| + |y|)N e
|x||y| dx dy < ∞
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f (x) = P(x)e−〈Ax,x〉,
where A is a real positive definite symmetric matrix and P is a polynomial of degree < N−d2 . In
particular, f = 0 when N  d .
Remark 1. We can easily derive from Theorem 1 the L2-version of Beurling’s theorem. For
example, in case n = 1, if∫
R
∫
R
|f (x)|2|fˆ (y)|2
(1 + |x| + |y|)N e
2|x||y| dx dy < ∞,
then f (x) = P(x)e−ax2 where P(x) is a polynomial of degree < N−14 . In particular, f = 0 when
N  1.
The Beurling’s theorem has been extended to different settings (cf. [3,8,10]). The goal of
this paper is to prove an analogue of Beurling’s theorem for the Laguerre hypergroup. In next
section we state some basic knowledge about Laguerre hypergroup. The main result is proved in
Section 3. In Section 4 we derive some other versions of uncertainty principle.
2. Preliminaries
In this section, we set some notations and collect some basic facts about the Laguerre hyper-
group. We refer the reader to [9,16] and [11] for detail.
Given α  0, let K = [0,∞) ×R equipped with the measure
dmα(x, t) = 1
π(α + 1)x
2α+1 dx dt.
We simply write Lp(K) instead of Lp(K, dmα).
For (x, t) ∈ K, the generalized translation operators T (α)(x,t) are defined by
T
(α)
(x,t)f (y, s)
=
⎧⎪⎨⎪⎩
1
2π
∫ 2π
0 f (
√
x2 + y2 + 2xy cos θ, s + t + xy sin θ) dθ, if α = 0,
α
π
∫ 2π
0
∫ 1
0 f (
√
x2 + y2 + 2xyr cos θ, s + t + xyr sin θ)r(1 − r2)α−1 dr dθ,
if α > 0.
Let Mb(K) denote the space of bounded Radon measures on K. The convolution on Mb(K) is
defined by
(μ ∗ ν)(f ) =
∫
K×K
T
(α)
(x,t)f (y, s) dμ(x, t) dν(y, s).
Then (K,∗, i) is a hypergroup in the sense of Jewett (cf. [1,7]), where i denotes the involution de-
fined by i(x, t) = (x,−t). If α = n− 1 is a nonnegative integer, then the Laguerre hypergroup K
can be identified with the hypergroup of radial functions on the Heisenberg group Hn.
We consider the partial differential operator
L = −
(
∂2
2 +
2α + 1 ∂ + x2 ∂
2
2
)
,∂x x ∂x ∂t
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on the Heisenberg group Hn. We call L the generalized sublaplacian.
Let Lαm(x) be the Laguerre polynomial of degree m and order α given by
Lαm(x) =
m∑
j=0
(m + α + 1)
(m − j + 1)(j + α + 1)
(−x)j
j ! .
For (λ,m) ∈ R×N, we put
ϕ(λ,m)(x, t) = m!(α + 1)
(m + α + 1)e
iλt e−
|λ|x2
2 L(α)m
(|λ|x2),
Lemma 1. The function ϕ(λ,m) satisfies that
(a) ‖ϕ(λ,m)‖α,∞ = ϕ(λ,m)(0,0) = 1,
(b) T (α)(x,t)ϕ(λ,m)(y, s) = ϕ(λ,m)(x, t) ϕ(λ,m)(y, s),
(c) Lϕ(λ,m) = 4|λ|(m + α+12 )ϕ(λ,m).
Let f ∈ L1(K), the generalized Fourier transform of f is defined by
fˆ (λ,m) =
∫
K
f (x, t) ϕ−λ,m(x, t) dmα(x, t).
Let dγα be the positive measure defined on R×N by∫
R×N
g(λ,m)dγα(λ,m) =
∞∑
m=0
(m + α + 1)
m!(α + 1)
∫
R
g(λ,m)|λ|α+1 dλ.
We write Lp(K̂) instead of Lp(R × N, dγα). The generalized Fourier transform extends to an
isometric isomorphism from L2(K) onto L2(K̂). We also have the inverse formula of the gener-
alized Fourier transform.
f (x, t) =
∫
R×N
fˆ (λ,m)ϕλ,m(x, t) dγα(λ,m)
provided fˆ ∈ L1(K̂).
We also need the following lemma (cf. [12]).
Lemma 2. Let ϕm(x) be the Laguerre function defined by
ϕm(x) =
(
2m!
(m + α + 1)
) 1
2
e−
x2
2 L(α)m
(
x2
)
.
For any r > 0, the system {rα+1ϕm(rx): m ∈ N} forms an orthonormal basis of the space
L2([0,∞), x2α+1 dx).
3. An analogue of Beurling’s theorem
In this section, we prove the following theorem of Beurling type.
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K
∫
R×N
|f (x, t)|2|fˆ (λ,m)|2
(1 + |t | + |λ|)N e
2|t ||λ| dmα(x, t) dγα(λ,m) < ∞. (1)
Then
f (x, t) = e−at2
(
k∑
j=0
ψj(x)t
j
)
where a > 0, k < N−14 and ψj(x) ∈ L2([0,∞), x2α+1 dx). In particular, when N  5,
f (x, t) = e−at2ψ(x)
where ψ ∈ L2([0,∞), x2α+1 dx). If N  1, then f = 0.
Proof. Write
f λ(x) =
∫
R
f (x, t)e−itλ dt.
Then
fˆ (λ,m) =
∫
K
f (x, t)ϕ−λ,m(x, t) dmα(x, t)
=
(
m!
2π2|λ|α+1(m + α + 1)
) 1
2
∞∫
0
f λ(x)|λ| α+12 ϕm
(√|λ|x)x2α+1 dx.
By Lemma 2,
∞∫
0
∣∣f λ(x)∣∣2x2α+1 dx = 2π2|λ|α+1 ∞∑
m=0
(m + α + 1)
m!
∣∣fˆ (λ,m)∣∣2. (2)
Substituting (2) in (1), we get∫
K
∫
R×N
|f (x, t)|2|fˆ (λ,m)|2
(1 + |t | + |λ|)N e
2|t ||λ| dmα(x, t) dγα(λ,m)
= 1
2π3(α + 1)2
∫
R
∫
R
G(t,λ)
(1 + |t | + |λ|)N e
2|t ||λ| dt dλ < ∞, (3)
where
G(t,λ) =
∞∫
0
∞∫
0
∣∣f (x, t)∣∣2∣∣f λ(y)∣∣2x2α+1y2α+1 dx dy.
Let
gm(t) =
∞∫
f (x, t) ϕm(x)x
2α+1 dx. (4)0
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gˆm(λ) =
∞∫
0
f λ(x)ϕm(x)x
2α+1 dx.
By Lemma 2,
G(t,λ) =
∞∑
m=0
∞∑
n=0
∣∣gm(t)∣∣2∣∣gˆn(λ)∣∣2. (5)
It follows from (3) and (5) that, for any m,n ∈ N,∫
R
∫
R
|gm(t)|2|gˆn(λ)|2
(1 + |t | + |λ|)N e
2|t ||λ| dt dλ < ∞. (6)
Specifically,∫
R
∫
R
|gm(t)|2|gˆm(λ)|2
(1 + |t | + |λ|)N e
2|t ||λ| dt dλ < ∞.
By Remark 1, when N  1, gm(t) = 0 for any m ∈ N. Therefore f = 0. When N > 1,
gm(t) = Pm(t)e−amt2
where am > 0 and each Pm(t) is a polynomial of degree k < N−14 . Hence
f (x, t) =
∞∑
m=0
Pm(t)e
−amt2 ϕm(x).
If am = an for some m,n ∈ N, then (6) would be false. So am = a are independent of m. Let
Pm(t) =
k∑
j=0
cm,j t
j .
Then
f (x, t) = e−at2
(
k∑
j=0
ψj(x)t
j
)
,
where
ψj (x) =
∞∑
m=0
cm,jϕm(x) ∈ L2
([0,∞), x2α+1 dx).
The proof of Theorem 2 is completed. 
Remark 2. We note that Theorem 2 is essentially about the central variable as the most results
on the nilpotent Lie groups. Thangavelu [14] gives a heat kernel version of Hardy’s theorem on
the Heisenberg group. A heat kernel version of Hardy’s theorem for the Laguerre hypergroup is
also true (cf. [6]). As pointed in [15], there are some difficulties to extend the Beurling’s theorem
to a general setting. The heat kernel version of Beurling’s theorem for the Laguerre hypergroup
is still open.
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In this section, we derive some other versions of uncertainty principle on the Laguerre hyper-
group.
The following uncertainty principle of Gelfand–Shilov type is a direct consequence of Theo-
rem 2.
Corollary 1. Let N  0 and assume that f ∈ L2(K) satisfies∫
K
|f (x, t)|2e 2p ap |t |p
(1 + |t |)N dmα(x, t) < ∞,
∫
R×N
|fˆ (λ,m)|2e 2q bq |λ|q
(1 + |λ|)N dγα(λ,m) < ∞,
where 1 < p,q < ∞, 1
p
+ 1
q
= 1 and a, b are positive numbers such that ab  1. Then f = 0
unless p = q = 2, ab = 1 and N > 1, in which case
f (x, t) = e−at2
(
k∑
j=0
ψj(x)t
j
)
,
where k < N−12 and ψj (x) ∈ L2([0,∞), x2α+1 dx). In particular, when N  3,
f (x, t) = e−at2ψ(x),
where ψ ∈ L2([0,∞), x2α+1 dx).
The lower bound 1 in Corollary 1 is not sharp for p = 2. The critical low bound should be
| cos (pπ2 )|1/p as proved by Bonami et al. [2] on Euclidean spaces.
Theorem 3. Let f ∈ L2(K) satisfies∫
K
∣∣f (x, t)∣∣2e 2p ap |t |p dmα(x, t) < ∞, (7)
∫
R×N
∣∣fˆ (λ,m)∣∣2e 2q bq |λ|q dγα(λ,m) < ∞, (8)
where 1 < p < 2, 1
p
+ 1
q
= 1 and a, b are positive numbers. Then f = 0 if ab > | cos (pπ2 )|1/p .
Proof. We can choose  > 0 such that (a − )(b − ) > | cos (pπ2 )|1/p . By same argument of
Theorem 2, for any m ∈ N, we get from (7) and (8) that∫
R
∣∣gm(t)∣∣2e 2p ap |t |p dt < ∞,
∫ ∣∣gˆm(λ)∣∣2e 2q bq |λ|q dλ < ∞,
R
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R
∣∣gm(t)∣∣e 1p (a−)p |t |p dt < ∞,
∫
R
∣∣gˆm(λ)∣∣e 1q (b−)q |λ|q dλ < ∞.
By Theorem 1.4 in [2], gm = 0. Theorem 3 is proved. 
It is easy to derive from above some other versions of uncertainty principle. For example, we
have
Corollary 2 (Morgan type). Suppose f ∈ L2(K) satisfies
∞∫
0
∣∣f (x, t)∣∣2x2α+1 dx  C1e−2a|t |p ,
∞∑
m=0
(m + α + 1)|λ|α+1
m!(α + 1)
∣∣fˆ (λ,m)∣∣2  C2e−2b|λ|q ,
where C1,C2 are all positive constants, 1 < p < 2, 1p + 1q = 1, and a, b are positive numbers.
Then f = 0 if ab > 14 | cos (pπ2 )|2/p .
Corollary 3 (Hardy type). Suppose f ∈ L2(K) satisfies∣∣f (x, t)∣∣C1e−a(|t |2+x2),∣∣fˆ (λ,m)∣∣ C2e−b(λ2+m2),
where C1,C2 are positive constants, and a, b are positive numbers such that ab 14 . If ab > 14 ,
then f = 0. When ab = 14 ,
f (x, t) = e−at2ψ(x),
where ψ ∈ L2([0,∞), x2α+1 dx).
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